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A TRIANGLE 
PROBLEM
A reader once sent me the following nice problem:
Two sides of a triangle have lengths 6 and 10, and the
radius of the circumcircle of the triangle is 12. Find the
length of the third side.
Let the triangle be labelled ABC, with sides a = BC = 6 and
b = CA = 10. Let the radius of the circumcircle be R = 12.
We must find c, the length of side AB.
Attempts to solve the problem using trigonometry will
probably prove challenging for most high school students. To
get a handle on the problem, it is useful to study the situation
using GeoGebra. Figure 1 depicts the situation. We draw a
circle Γ with radius R = 12, centred at an arbitrary point O.
Next, we select any point on Γ and label it B. Then we draw a
circle ωB centred at B, with radius a = 6. This circle intersects
Γ at two points; we arbitrarily select one of them and label it
C. (No essential difference will result if we were to select the
other point of intersection. Please verify this for yourself.)
Next, we draw a circle ωC centred at C, with radius b = 10.
Circle ωC too intersects Γ at two points; call them A1 and A2.
Both these points serve as solutions to our problem. That is, we
have two triangles A1BC and A2BC, both of which satisfy the
given conditions. The ‘algebra’ window of GeoGebra reveals the
two possible values of c; namely, 4.23 and 15.14, respectively.
Let us now see if we can derive these figures using
trigonometry.
The trigonometric approach for solving the problem is the
following. We use the cosine rule twice, to find the angles
subtended by the two given sides (a and b) at the centre O of
the circumscribing circle Γ. Then we use the addition and
subtraction formulas to find the cosines of the sum and
difference of these two angles. Finally, we use the cosine rule
again to find the third side.
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Angle bisection using ruler and compass is part of the standard geometry syllabus at the
upper primary level. There is a standard procedure for doing the job, and it is so simple
that one would be hard put to think of an alternative to it that is just as simple, if not
simpler. But here is such a procedure, announced in a Twitter post [1].
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FIGURE 1
It can be depicted using practically no words. In Figure 1, the angle to be bisected is
∡ABC. Draw two arcs DE and FG as shown, centred at B. Next, draw the segments DG
and FE; let them intersect at I. Draw the ray BI. This is the required angle bisector.
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BOC = x
A1OC = y
A2OC = y
A1OB = z1
A2OB = z2
z1 = y+ x
z2 = y− x
Figure 1.
Let BOC = x and A1OC = y = A2OC.
Using the cosine rule, we get:
cos x = 12
2 + 122 − 62
2× 12× 12 =
7
8 ,
cos y = 12
2 + 122 − 102
2× 12× 12 =
47
72 . (1)
From this we get:
sin x =
√
82 − 72
8 =
√
15
8 ,
sin y =
√
722 − 472
72 =
5
√
119
72 . (2)
These in turn yield:
cos(y+ x) = cos y cos x− sin y sin x
=
329− 5 · √1785
576 , (3)
cos(y− x) = cos y cos x+ sin y sin x
=
329+ 5 · √1785
576 . (4)
We need both these values, i.e., cos(y+ x) and
cos(y− x), precisely because of the two
possibilities indicated in Figure 1. The first
possibility arises when angles x and y do not
overlap with each other (point A1); the second
possibility arises when they do overlap with each
other (point A2).
The first possibility yields, by using the cosine rule
in△OA1B:
c2 = 2R2(1− cos(y+ x))
∴ c = 5
√
15+
√
119
2 , on simplification,
∴ c ≈ 15.137.
The second possibility yields, by using the cosine
rule in△OA2B:
c2 = 2R2(1− cos(y− x))
∴ c = 5
√
15−√119
2 , on simplification,
∴ c ≈ 4.228.
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These values agree with what GeoGebra had told
us earlier. Just as well!
Remark. It is an interesting commentary on how
our minds work that when I initially solved the
problem using trigonometry, I considered only
the possibility where angles x and y do not
overlap; so I only obtained the first possible
value of c (the larger value). It is only when I
drew the diagram using GeoGebra that I noticed
the other possibility! Of course, I then
back-checked the calculation and spotted the
point at which I had missed a possibility. The
results then tallied.
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